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In this paper we study some relations between the group of L-fuzzy homeomor-
phisms of an L-fuzzy topological space X and the group of permutations of the
ground set X. In contrast with the results in general topology, it is proved that the
subgroups generated by cycles and proper normal subgroups can be represented as
groups of L-fuzzy homeomorphisms for some L-fuzzy topology on X. The relation
between the group of L-fuzzy homeomorphisms and the group of homeomor-
phisms of the associated topology is also discussed. Q 2000 Academic Press
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1. INTRODUCTION
Zadeh introduced the basic concept of fuzzy sets which became the chief
cornerstone of fuzzy mathematics. Fuzzy set theory is necessary in certain
problems in the classical mainstream of mathematics. This paper shows the
importance of fuzzy logic in classical mathematics. According to the point
of view of the Bourbakian school, there are mainly three large kinds of
structures in mathematics, viz. topological structure, algebraic structure,
and order structure. L-fuzzy homeomorphisms fuse these three structures.
The concept ‘‘group of homeomorphisms’’ of a topological space has been
studied by several authors for many years in different contexts. Many
problems relating to the topological properties of a space and the algebraic
properties of its group of homeomorphisms have been investigated. De
w xGroot 1 proved that any group is isomorphic to the group of homeomor-
phisms of a topological space. A related problem is to determine the
subgroups of the group of permutations of a fixed set X which can be the
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Ž .group of homeomorphisms of X, T for some topology T on X. This
w x w xproblem was investigated by Ramachandran 5, 6 . In 5 it is proved that
Ž . Ž .i If H is a subgroup of S X containing two elements only, then
there exists a topology T on X such that the group of homeomorphisms of
Ž . Ž .X, T is H Theorem 1.1.2 .
Ž .  4ii For a finite set X s a , a , . . . , a , n G 3, the group of permu-1 2 n
Ž .tations of X generated by the cycle P s a , a , . . . , a cannot be repre-1 2 n
sented as the group of homeomorphisms for any topology T on X
Ž .Theorem 1.1.5 .
Ž . < <iii For a finite set X, X G 3, there is no topology T on X such
Ž .that the group of homeomorphisms of X, T is the alternating group of
Ž . w xpermutations of X Theorem 1.1.6 . Also in 6 , he has proved that if X is
Ž .an infinite set, then no nontrivial proper normal subgroup of S X can be
Ž .the group of homeomorphisms of X, T for any topology T on X
Ž .Theorem 2.9 .
w xIn contrast to these results we proved 3 that the group generated by a
finite cycle and the group of even permutations can be represented as the
w xgroup of fuzzy homeomorphisms for some fuzzy topology on X. Also in 4
we proved that the group generated by an infinite cycle can be represented
as the group of fuzzy homeomorphisms for some fuzzy topology. Here we
continue our study of the relationship between the group of fuzzy homeo-
morphisms of a fuzzy topological space and the group of permutations of
the ground set X in the general set up of L-fuzzy sets. Here we prove that
Ž .some other subgroup of S X }the group generated by product of cycles
becomes a special case}can be represented as the group of L-fuzzy
homeomorphisms for some L-fuzzy topology on X. The relation between
the group of L-fuzzy homeomorphisms and the group of homeomorphisms
of the associated topology is also discussed.
2. PRELIMINARIES
Let X be a nonempty ordinary set and let L be a complete and
completely distributive lattice with smallest element o and the largest
element 1. The fundamental definition of L-fuzzy set theory and L-fuzzy
w xtopology are assumed to be familiar to the reader 7, 8 .
3. THE GROUP OF L-FUZZY HOMEOMORPHISMS
Ž . Ž .For any L-fuzzy topological space L-fts for short X, d the set of all
Ž .L-fuzzy homeomorphisms of X, d on to itself forms a group.
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Ž .THEOREM 3.1. If X, d is a discrete or an indiscrete L-fts, then the group
of L-fuzzy homeomorphisms is the group of all permutations on X.
Proof. Trivial.
The following result shows that the converse of the above theorem is not
true.
THEOREM 3.2. If X is any set and d is the L-fuzzy topology generated by
L-fuzzy points with the same grade of membership ¤alue, then the group of
Ž .L-fuzzy homeomorphisms of X, d is the group of all permutations on X.
Proof. Trivial.
 4  4EXAMPLE 3.3. If X s a, b, c, d and L s 0, 1r2, 1 , then the sub-
Ž . Ž .group H of S X generated by the cycle p s a, b, c, d cannot be
represented as the group of L-fuzzy homeomorphisms for any L-fuzzy
topology on X.
 2 3 44 XFor H s p, p , p , p , suppose there is an L-fuzzy topology d ; L
Ž .such that the group of L-fuzzy homeomorphisms of X, d is H. Then
clearly d is neither discrete, indiscrete, nor generated by L-fuzzy points
with the same grade of membership value. Then each L-fuzzy set g g d or
1 Ž .h g d the complement of d has at least two elements with the same
membership value. Consequently there is a transposition of X which is an
Ž .L-fuzzy homeomorphisms of X, d . But this is not an element of H. This
contradiction proves the assertion.
Ž . Ž .Remark. A bijection u g S X is called an even permutation if u x s
x for all but a finite number of points of X and it can be written as the
product of an even number of transpositions.
THEOREM 3.4. If L is any complete chain and X is any set such that
< < < <X s a F L , then the group of e¤en permutations of X can be represented as
the group of L-fuzzy homeomorphisms for some L-fuzzy topology on X.
Ž .Proof. We can well order the set A X of even permutations of X by
using some ordinal number m where m F a where a is the smallest
< < < <ordinal of a . First we consider the case when X s L s a . Let g :
X “ L be a bijection. Corresponding to each even permutation e , n - m,n
Ž . Ž Ž ..define L-fuzzy subset g by g x s g e x for every x in X. Let d ben n n
 4the L-fuzzy topology generated by S s g : n - m . Now we claim thatn
Ž .the group of L-fuzzy homeomorphisms of X, d is the group of all even
permutations of X. Then each member h of d has the form h s
Ž .  4E H g , where Hi is finite. Then each h of d y 0, 1 has theig I jg H i j
Ž . Ž . Ž .following properties: i h x s g x for all but a finite number of points of
Ž . Ž .X since each g has the property that g x s g x for all but a finitej j
Ž Ž .number of points of X. This is because each e x s x for all but a finitej
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. Ž .number of points of X. ii For every x in X there exists y in X such that
Ž . Ž . Ž . Ž . < <h x s g y since g is onto. iii 1 f h X if and only if H G 2 for alli
Ž .i g I. Let u be an L-fuzzy homeomorphism of X, d . Then g.u g d .
Ž .  4 Ž . Ž .Since u X s X and 0, 1, : g.u X we have that iv there exist y in X
Ž . Ž .such that for every i in I there exists n in H such that g y s 0. vi i n i
< < Ž .There exist i in I such that H s 1. Then from iv we conclude that all0 i0
Ž .n coincide; i.e., n s n* for every i in I. Then v implies that g.u si i
Žw Ž .x U . U U UE H g n g k g s g s g.e .ig Iyi 4 ng H yn*4 n n n n n0 i
Ž .Hence u is an element of the group A X .
Ž .Conversely every element e of A X is an L-fuzzy homeomorphismn
y1Ž . Ž .since e g s g e s ge e s ge s g for some q - m and e g sn p p n p n q q n p
y1 y1 < <g e s ge e s ge s g for some t - m. Thus in the case when X sp n p n t t
< < Ž . Ž .L the group of L-fuzzy homeomorphisms of X, d is A X .
< < < <In the case when X - L , we consider the map g as a bijection from X
onto L ; L where L is a complete chain with 0, 1 replaced by corre-1 1
sponding elements in L ; the proof is exactly similar.1
Note. We do not know whether the above theorem is true even when L
is an arbitrary, complete, and completely distributive lattice.
w xDEFINITION 3.6 2 . An infinite cycle is a permutation p on an infinite
Ž .set of letters x , i g Z such that p x s x .i i iq1
< < < <THEOREM 3.7. Let X be any infinite set such that X F L . Then the
group generated by an infinite cycle can be represented as the group of L-fuzzy
homeomorphisms for some L-fuzzy topology on X.
w xProof. This is similar to that in 4 .
Ž .Notation. When p is a cycle on X, say p s a , a , . . . , a , by the1 2 n
Ž . Ž 4.  4equation u p s p we will mean u a , a , . . . , a s a , a , . . . , a .1 2 n 1 2 n
< < < <THEOREM 3.8. If X is any set such that X F L and p is a permutation
which is a product of disjoint cycles such that the lengths of the cycles are
bounded, then the group generated by p can be represented as the group of
L-fuzzy homeomorphisms for some L-fuzzy topology on X.
Proof. Let the lengths of the cycles be bounded by k and without loss
of generality we assume that p s p . p . p ??? p where p s2 3 4 k r
Ž .x , x , . . . , x 2 F r F k and x ’s are distinct. Let n be the l.c.m. ofr1 r 2 r r i j
2, 3, . . . , k. Then the elements of the group H generated by p are
p, p2, p3, ??? pn. Let g : X “ L such that g is one to one and without loss
Ž .of generality assume g x s a if x s x , 2 F i F k, 2 F j F k. For everyi j i j
m Ž . Ž mŽ ..p in H define the L-fuzzy subset g by g x s g p x for every x inm m
X.
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Then
x if x s x for some i and j,¡ i t i j
m ~p x sŽ . m is a multiple of i , 2 F t F j¢
x otherwise
and
a if x s x , 2 F t F ji t i j
g x sŽ .m ½ g x otherwise.Ž .
 4Let d be the L-fuzzy topology generated by S s g : m s 1, 2, . . . , n .m
Then finite meet of elements of S forms a basis for d . Then each member
Ž .h of d has the form h s k n g , where H is finite.ig I jg H j II
Ž .Now we claim that the group of L-fuzzy homeomorphisms of X, d is
Ž . Ž .H. Then it is clear that h x s g x for x / x , that is, those x for whichi j
Ž .p x s x. If u is not element of H, then we have the following properties:
Ž . Ž . Ž . Ž . Ž .i u p / p and ii u x / x . That is, u x s x for some s / r. Alsor i r j r i s j
y1Ž . Ž . Ž . Ž .u g s g.u f d . That is, g.u x / g x for some x / x or g.u x / ai j r j
for some x s x where s / r. Thus u is not an L-fuzzy homeomorphism.s j
Conversely if u is an element of H, it is an L-fuzzy homeomorphism
y1Ž . m s m mqs tsince p g s g p s gp p s gp s gp s g for some 2 F t F nm s s t
mŽ . my1 s my1 qand p g s g p s gp p s gp s g for some q, 2 F q F n. Hences s q
Ž .the group of L-fuzzy homeomorphisms of X, d is H.
< < < <COROLLARY 3.9. If X is any set such that X F L , then the group
generated by a finite cycle can be represented as the group of L-fuzzy homeo-
morphisms for some L-fuzzy topology on X.
COROLLARY 3.10. If X is any set, p is a cycle on X and H is a subgroup of
Ž .  Ž . < Ž . 4S X where H s u g S X u p s p . Then H can be represented as the
group of L-fuzzy homeomorphisms for some L-fuzzy topology on X.
Ž .COROLLARY 3.11. If X is a set, a g X, and H is a subgroup of S X
 Ž . < Ž . 4where H s u g S X u a s a , then H can be represented as the group of
L-fuzzy homeomorphisms for some L-fuzzy topology on X.
 4 Ž .COROLLARY 3.12. The tri¤ial subgroup e ; S X can be represented as
a group of L-fuzzy homeomorphisms for some L-fuzzy topology on X.
Remark. Corollaries 3.10, 3.11, and 3.12 are true in the ordinary
topological context.
< < < <THEOREM 3.13. If X is any set such that X F L and p is a permutation
which is a product of disjoint finite cycles such that length of the cycles are
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unbounded, then the group generated by p can be represented as the group of
L-fuzzy homeomorphisms for some L-fuzzy topology on X.
Proof. Without loss of generality we assume that p s p ,2
Ž .p , p , . . . , p , . . . where p represents the cycle x , x , ; x 2 F k -3 4 k k k1 k 2 k k
‘ and x ’s are distinct. Let H be the group generated by p. Theni j
 n 4H s p ; n g Z . Let g : X “ L be such that g is one to one and without
Ž .loss of generality assume g x s a if x s x , 2 F i - ‘, 2 F j - ‘. Fori j i j
n Ž . Ž n .every p in H define an L-fuzzy subset g by g x s g p x, ; x g X.n n
 < 4Let d be the L-fuzzy topology generated by S s g n g Z . Then, as inn
the previous case, it can be proved that the group of L-fuzzy homeomor-
Ž .phisms of X, d is H.
Ž .THEOREM 3.14. If X, d is any L-fts, then the group of L-fuzzy homeo-
Ž .morphisms of X, d is a subgroup of the group of homeomorphisms of the
Ž Ž ..associated topology X, i d .L
Proof. Straightforward.
Ž .THEOREM 3.15. If X, d is topologically generated L-fts, then the group
Ž .of L-fuzzy homeomorphisms of X, d and the group of homeomorphisms of
Ž Ž ..X, i d are the same.L
Proof. Straightforward.
Ž .Remark. If X, d is any finite L-fts, such that the group of L-fuzzy
homeomorphisms is the group of all even permutations of X, then the
Ž Ž ..group of homeomorphisms of X, i d is the group of all permutationsL
of X.
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